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Iluvw ri doo/ Lzrxog olnh wr wkdqnp| dgylvhuOxlvFrufköq iru klv wluhohvvzloolqjqhvv wr
jxlgh ph wkurxjk wkh surfhvv ri grlqj uhvhdufk dqg iru kdylqj wdxjkw ph wkdw ehlqj
kdugzrunlqj/irfxvhgdqgkxpeohsd|vedfn1Dnh|urohzdvdovrsod|hge|FduphqEhylä/
zkrvh ydoxdeoh lqvljkwv vljqlilfdqwo| frqwulexwhg wr wkh surfhvv ri zulwlqj wklv wkhvlv1
Ixuwkhupruh/xvhixofrpphqwvdqgihhgedfnkdyhehhqsurylghge|vhyhudorwkhuhfrqrplvwv/
lqfoxglqjJxloohuprFduxdqd/SklolssGhqwhu/WruhHoolqjvhq/FkulvwldqHzhukduw/Qdwdold





Pdvhud/PhkglK1 V1 dqgFohlwrqJxroor1Wkh| wdxjkwph d orw1 Lq sduwlfxodu/ wkdqnv wr
VdoydwruhLnqrzwkdwwkhuhduhqrduelwudjhrssruwxqlwlhvlqrqolqhehwwlqj>Oldqpdghph
wdvwhwkhvwuhvvriwkhmrepdunhw/zklfkzdvdxvhixoh{shulhqfh>Ihghulfrsdwlhqwo|olvwhqhg





dqgSld]dqhwwl1Dvshfldo wkdqnv wrShgurVdqw¶Dqqd iru lqwurgxflqjph wrwkhzruogri















olplwhg lq uhdo0olih frqwhvwv1 L sursrvh d prgho zkhuh wkh sulqflsdo ri d frqwhvw kdv
frpplwphqw srzhu wr yhulildeo| glvforvh frqwhvwdqwv¶ w|shv1 L lqyhvwljdwh wkh rswlpdo
glvforvxuhsrolf|wrvwlpxodwhfrqwhvwdqwv¶hiiruwv1Lilqgwkdwixooglvforvxuhvsxuvpruh+ohvv,
hiiruwvwkdqixoofrqfhdophqwliwkhglvwulexwlrqriw|shvlvvnhzhgwrzdugkljk0+orz0,w|shv1




zlqqhu vhohfwlrq surfhvv lq d frqwhvw lv qrlv|/ wkh ghvljqhu vkrxog wdnh wklv qrlvh lqwr
frqvlghudwlrq zkhq ghvljqlqj wkh frqwhvw li khu jrdo lv wr pd{lpl}h wkh txdolw| ri wkh
zlqqlqjhqwu|1Lsursrvhdqremhfwlyhixqfwlrqwkdwdffrpprgdwhvwklvlghd/dqgLfrpsduh
wkh rswlpdo frqwhvw ghvljq xqghu wklv remhfwlyh ixqfwlrq wr wkh rqh xqghu wkh frpprqo|
dvvxphg pd{lpl}dwlrq ri vxp ri frqwhvwdqwv¶ hiiruwv1 L ilqg wkdw/ frqwudulo| wr zkdw
kdsshqhg zkhq wkh ghvljqhu pd{lpl}hg wkh vxp ri hiiruwv/ wkh rswlpdo frqwhvw ghvljq
fkdqjhvlqwkdwdghvljqhupd|qrzehqhilwiurp=xqohyhoohgsod|lqjilhog/h{foxvlrqrizhdn
frqwhvwdqwv/dqgzhdnhqlqjriwkhxqghugrj1
Lq wkh wklug fkdswhu/ zklfk lv d mrlqw zrunzlwkFkulvwrvPdyulglv/ zh frqwulexwh wr wkh
olwhudwxuh rq slyrwdo yrwhu prghov1 Iru vpdoo hohfwrudwhv/ wkh suredelolw| ri fdvwlqj wkh
slyrwdo yrwh gulyhv rqh¶v zloolqjqhvv wr yrwh/ krzhyhu wkh h{lvwhqfh ri frvwv ri yrwlqj
lqfhqwlyl}hvrqh¶vdevwhqwlrq1Lqwzr0dowhuqdwlyhslyrwdo0yrwhuprghov/wklvwudgh0rơkdvehhq
h{whqvlyho| vwxglhg xqghu sulydwh lqirupdwlrq rq wkh frvw ri yrwlqj1Zh frpsohphqw wkh
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Pivotal voter models with costly voting started under complete information with
the seminal contribution of Palfrey and Rosenthal (1983) (henceforth, PR), where
two groups of individuals each preferring one of two alternatives simultaneously
decide between abstaining or voting for their preferred alternative. The winner
is decided by majority rule. Technical diﬃculties and multiplicity issues allowed
them to analyze only special cases.1 Two years later, the same authors proposed
in Palfrey and Rosenthal (1985) to drop the assumption of complete information,
and from then onwards the literature has almost exclusively focused on private
information on the cost of voting. Some of the most relevant contributions which
analyze private-information costly-voting pivotal voter models are Campbell (1999),
Borgers (2004), Feddersen and Sandroni (2006), and Taylor and Yildirim (2015).2
We believe the complete information setting also deserves attention, hence the goal
of this paper is to complement the existing private information literature, and to
move the PR analysis a step forward.
The literature has shown that assuming private information on the cost of voting
typically has technical advantages. In particular the equilibrium is unique and the
strategies are completely characterized by a single cut-oﬀ value: supporters of A (B)
vote if and only if the cost of voting is lower than a threshold cA (cB).
3 As PR showed,
uniqueness and cut-oﬀ strategies are not generally present in models of complete
information. Nevertheless, we ﬁrst show that, if the cost of voting is suﬃciently
high at least for the supporters of one of the two alternatives, the equilibrium is
unique. We fully characterize it. If instead the cost of voting is suﬃciently low for all
individuals, we characterize three classes of equilibria, and show that any equilibrium
must belong to one of these three classes, regardless of the number of individuals.
Furthermore, we propose a novel equilibrium reﬁnement that always singles out a
unique equilibrium. This reﬁnement says that the equilibrium probability of voting
is continuous in the cost of voting. In fact, it would be hard to claim that negligible
changes in the cost of voting could bring about drastic changes in the probabilities
of voting. For example, if the voting center station moves slightly away from the
home of an individual, her probability of voting also changes negligibly. The unique
equilibrium pinned down by the continuity reﬁnement is proved to belong always to
the same class of equilibria out of the three classes previously characterized. The
features of the equilibrium that we analyze are as follows. First of all, we ﬁnd a
1In particular, PR’s setting is one of identical individual beneﬁts from winning across groups,
and they analyze: i) identical group sizes and symmetry of strategies across groups, and ii) ag-
gregate probabilities of voting across individuals of diﬀerent groups summing to 1. Besides these
special cases of our analysis, they also analyze two diﬀerent settings: one where there is a status
quo (ties are broken in favor of one group, instead of randomly), and one, namely “k equilibria”,
where individuals of one group mix with identical probability, whereas among the individuals of
the other group, k vote with probability 1 and the remaining with probability 0.
2Another way to exploit private information to simplify the analysis is provided in Myerson
(1998,1998,2000). He suggests an alternative model in which the size of the electorate is a Poisson
random variable. As Krishna and Morgan (2012, JET) claim, Myerson’s approach “has the im-
portant advantage of considerably simplifying the analysis of pivotal events”. In Myerson’s games,
citizens’ preferences are determined via a privately observed stochastic draw.
3Note that all papers cited in the main text of the previous paragraph assume private informa-
tion and have only equilibria in cut-oﬀ strategies, but PR (83).
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turnout upper-bound: the sum of the equilibrium probabilities of voting of an m-
individual and an n-individual is less than 1. Moreover, members of the majority
group with higher cost-to-beneﬁt ratio have higher probability of being pivotal in
equilibrium, and thus –intuitively– vote with a higher probability in equilibrium.
This carries over even if the two groups are asymmetric only in the cost-to-beneﬁt
ratio and symmetric in size. If instead the two groups are symmetric in cost-to-
beneﬁt ratio and asymmetric in size, members of the minority group vote with a
strictly higher probability than those in the majority do. This latter result already
exists in models of private information on the cost of voting, see Taylor and Yildirim
(2010). The fact that members of the minority vote more than members of the
majority is called the “underdog eﬀect”.4 However, we ﬁnd that if the minority
has a suﬃciently higher cost-to-beneﬁt ratio than the majority, the underdog eﬀect
disappears (i.e., the members of the minority group votes with lower probability
than members of the majority group). This result is trivial per se (inﬁnite cost-to-
beneﬁt ratio yields necessary 0 probability of voting) unless something is said about
the asymmetry in cost-to-beneﬁt needed to break the underdog eﬀect: we show that
if the ratio of cost-to-beneﬁt ratios is greater than the number of members of the
minority then the underdog eﬀect is contradicted and the members of the minority
group vote with 0 probability regardless of their (strictly positive) cost-to-beneﬁt
ratio. We furthermore perform comparative statics in the number of individuals, and
give the intuition behind it, along with the construction of the equilibrium itself.
Our complete information setting springs from PR, however we depart from them
in that an individual’s beneﬁt of having the favorite alternative win can be asym-
metric according to whether the individual supports one or the other alternative,
meaning that the personal beneﬁt can diﬀer between individuals supporting one al-
ternative or the other. Our generalization of PR to asymmetric beneﬁts is natural
especially when the group sizes are asymmetric. For instance, think of an economics
department consisting of several microeconomists and a few macroeconomists, all
called to vote over who to hire between two job market candidates: a microeconomist
and a macroeconomist.5 Both types of economists are better-oﬀ if the newly hired
candidate is of their same type. Furthermore, the beneﬁt for a macroeconomist from
hiring another macroeconomist is greater than the one for a microeconomist from
hiring a microeconomist because of the asymmetric size of the two groups; that is,
since macroeconomists are fewer, having another macroeconomist in the department
sharply increases each macroeconomist’s coauthoring possibilities, whereas the ben-
eﬁt for a microeconomist from having a new microeconomist in the department is
lower because they are already plenty. In other words, the beneﬁt is asymmetric
across individuals of diﬀerent groups. This asymmetry gives rise to asymmetric
willingness to vote.6
4Laboratory experiments conﬁrm the underdog eﬀect, see Levine, D., Palfrey, T., 2007. The
paradox of voter participation? A laboratory study. Amer. Polit. Sci. Rev. 101 (1), 1431 58.
5The cost of voting in this case is the opportunity cost of showing up to vote that day instead
of, for example, being on vacation.
6Another example of asymmetric beneﬁt across groups is the following. Residents of two neigh-
borhoods are called to vote over the location of a new school in one of the two neighborhoods.
In neighborhood 1 there is already a school, in neighborhood 2 there is none: thus, despite the
fact that each resident strictly prefers the school to be located in her neighborhood, residents in
neighborhood 1 care less than residents in neighborhood 2 about the location of the school since
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2 Model
Consider a complete information setting where there are two groups of individuals
of size m and n, with m,n ∈ N+. Throughout the paper we assume m > n > 1: the
analysis of n = 1 is ruled out to avoid dealing with trivial cases, and the analysis
of m = n produces peculiar results and is left to Appendix C. We use sub-index
i ∈ {m,n} to identify the group with a slight abuse of notation. The individuals are
called to cast a vote between two alternatives, M and N . An individual of group m
prefers alternative M , and an individual of group n prefers alternative N . That is,
if M wins, the payoﬀ of an individual m increases by Δπm ∈ R++, and similarly by
Δπn ∈ R++ for individuals n if N wins. Individuals choose whether to vote for their
preferred alternative or to abstain, since voting for the non-preferred alternative
is strictly dominated. If an individual casts a vote, she faces a group-speciﬁc cost
of voting, ci ∈ R++. Thus, the increase in payoﬀ –net of cost of voting– for an
individual i when her preferred policy wins is Δπi − ci if she voted, and Δπi if she
did not vote. Individuals vote simultaneously and the winning alternative is decided
by majority rule. Ties are broken by a fair coin toss.
Each individual i chooses her probability of voting, denoted by pi, that maximizes
her expected payoﬀ, given the choices of all other individuals. We consider Quasi-
Symmetric Nash Equilibria (QSNE), that is, individuals of group i follow the same
equilibrium strategy p∗i . Besides being used in PR, the assumption of QSNE has
been used in private-information pivotal-voter models to obtain that individuals
adopt cut-oﬀ strategies. See for instance Bo¨rgers (2004) and Taylor and Yildirim
(2010).
In a QSNE a pair (p∗i , p
∗
j) is an equilibrium if an individual of group i ∈ {m,n}
would not want to deviate from p∗i if she expects every other individual of group i
to also play p∗i and all individuals of group j with j = i to play p∗j . A QSNE can be
of one of the following three types:
1. “Pure-Pure”: (p∗m, p
∗
n) ∈ {0, 1}2
2. “Pure-Mix”: p∗m ∈ {0, 1}, p∗n ∈ (0, 1) or p∗m ∈ (0, 1), p∗n ∈ {0, 1}
3. “Mix-Mix”: (p∗m, p
∗
n) ∈ (0, 1)2.
Deﬁne Ai to be the probability that the vote of an individual of group i is pivotal.





























there is already a school in neighborhood 1.
7Note that they already take into account that within groups individuals vote with the same
probability.
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for i, j ∈ {m,n}, i = j.
We now explain how the expression (2) is constructed. A single individualm, who
computes her probability of being pivotal, takes as given the probabilities of voting
(pm, pn) of all other individuals. The individual m is pivotal when her vote either
breaks a tie, or when it creates one. In (2) the ﬁrst summation is her probability of
breaking a tie, and the second of creating a tie. She can break a tie with her vote,
if the number of individuals that vote for m equals the number of individuals that






psm(1− pm)m−s−1. On the other hand, out of n n-individuals,





psn(1 − pn)n−s. The second summation of (2) is
similarly constructed: individual m can create a tie with her vote, if the number of
individuals that vote for m, (which is again called s), is one less than the number
of individuals that vote for n.
3 Computing the equilibria
In this section we compute the QSNE of the voting game, given the relative costs of
voting Bi and Bj, and classify them according to their type: “Pure-Pure”, “Pure-
Mix” or “Mix-Mix”. We start with the ﬁrst two types, ie. equilibria in which some
individuals have pure strategies.
3.1 “Pure-Pure” and ”Pure-Mix” equilibria
If Ai < Bi or Ai > Bi, then individual i’s dominant strategy is to abstain or to vote,
respectively (i.e. pure strategy). Whereas when Ai = Bi, i is indiﬀerent between
voting and not (i.e. mixed strategy). Bi is therefore the minimum probability of
being pivotal such that an individual i will vote. For that reason, an individual i
whose Bi is greater than 1 does not vote in equilibrium.
8 We formalize this result
in the following lemma.
Lemma 1. If Bi ≥ 1 then p∗i = 0.
Proof. Let p∗i > 0. First, if Bi > 1, by (1) we have Ai > 1, which is a contradiction,
since Ai is a probability. Second, if Bi = 1, by (1) we have Ai = 1. Then, we cannot
have p∗i ∈ (0, 1) because of the following: if all individuals are randomizing between
voting and not, then they cannot be pivotal with certainty, so Ai = 1 leading to a
contradiction. Therefore we only need to rule out Bi = p
∗
i = 1. For this we need to
distinguish the following cases.
Case 1. If p∗m = 1 all m individuals vote, which means that they win regardless
of p∗n because they are the largest group. But then, no n individual would want to
face the cost of voting, p∗n = 0. Thus, for a single m-individual deviation to pm = 0
is proﬁtable, leading to a contradiction.
Case 2. If p∗n = 1 then in order to sustain An = 1 the n individuals must be
certain that either n or n− 1 of the m individuals vote. However, this can happen
8If the cost of voting for i is greater than the beneﬁt of winning with certainty of being pivotal,
in the unique equilibrium no member of i will vote (that is, ci > Δπi contradicts Ai ∈ [0, 1]).
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neither if p∗m ∈ (0, 1) nor if p∗m = {0, 1} (because this would imply m or 0 votes cast
by group m). Thus, we reach a contradiction.
The previous lemma shows that if relative costs of voting are high enough for
individuals of both groups, the only equilibrium that exists is the “Pure-Pure” one
in which nobody votes.
Obviously, the situation described in Lemma 1 is not very interesting. Therefore,
next we allow one of the two relative costs of voting to be low enough such that
individuals from one of the two groups might consider voting, in other words Bi ≥ 1
only for individuals i. Then Lemma 2 yields a simple and unique characterization
of j’s equilibrium strategy:
Lemma 2. (“Pure-Mix”) For Bi ≥ 1 and Bj ∈ (0, 1) the unique QSNE is that
p∗i = 0 and p
∗
j = 1− B
1
j−1
j , for all i, j ∈ {m,n}, i = j.9
Proof. By Lemma 1, p∗i = 0. Suppose p
∗
j = 0. Then any single j individual would
have an incentive to deviate and vote for sure in order to single-handedly decide
the election in favor of the j-group. Thus pj = 0 is not an equilibrium. On the
other hand, suppose p∗j = 1. This means that j group wins for sure with a margin
of j votes. Then any single j-individual would have an incentive not to pay the
cost without aﬀecting the outcome. Thus pj = 1 is not an equilibrium. Therefore
p∗j ∈ (0, 1). Plugging p∗i = 0 in Aj we have Aj = (1−pj)j−1, and since (1) must hold
with equality for individuals j to mix, we have:
(1− pj)j−1 = Bj
or equivalently:




For x ∈ (0, 1) the expression 1 − x 1j−1 is strictly decreasing in x. Therefore
p∗j = 1 − B
1
j−1
j is strictly decreasing in cj and strictly increasing in Δπj. Higher
individual cost-payoﬀ ratio results in j-individuals voting with lower probability.
The two previous Lemmas examine cases in which individuals from at least one
group ﬁnd it too costly to vote, not matter what individuals from the other group
are doing. These two cases gave rise to two types of equilibria “Pure-Pure” in which
everybody’s strictly dominant strategy is to not vote (Lemma 1), and “Pure-Mix”
in which individuals from one group have a strictly dominant strategy to not vote
and individuals from the other group mix (Lemma 2).
We examine next what happens when individuals from neither group have a
strictly dominant strategy to abstain, ie. what happens when Bm < 1 and Bn < 1.
Under these conditions individuals of both groups may vote with positive probability.
This causes strategic interactions that may generate multiple equilibria.
It is easy to see that when Bm < 1 and Bn < 1 no “Pure-Pure” equilibria exist.
9As a reminder, in the beginning of this section we have assumed m > n > 1. It is easy to see




Lemma 3. For Bi < 1 and Bj < 1, no “Pure-Pure” QSNE exist, for all i, j ∈
{m,n} and i = j.
Proof. Assume p∗i = 0. Then p
∗
j = 0 cannot be a QSNE because Aj = 1 so deviation
to voting for a j individual would be proﬁtable. Also pj = 1 cannot be a QSNE
because a j-individual deviating to pj = 0 would not aﬀect the outcome of the
election and save her cost of voting.
The only case left to analyze is p∗m = p
∗
n = 1. The n individuals lose for sure,
and thus they would be better-oﬀ not to vote.
After proving that for Bm < 1 and Bn < 1 no “Pure-Pure” equilibria exist, the
next lemma establishes that for Bm < 1 and Bn < 1 a “Pure-Mix” equilibrium does




Lemma 4. For Bi < 1 and Bj < 1, there exists a “Pure-Mix” QSNE with p
∗
i = 0
and p∗j = 1− B
1
j−1
j , for all i, j ∈ {m,n} and i = j if and only if Bi ≥ Bi.
Proof. An equilibrium where p∗i = 0 implies: Aj = (1− pj)j−1 and Ai = (1− pj)j +
jpj(1− pj)j−1. The former means that an individual j is pivotal only if none of her
groupmates vote (her vote breaks the tie in which nobody votes). The latter means
that an individual i is pivotal if none of j individuals vote or if only one of them
votes. In order for the i-individuals to not want to vote we must have:
Ai ≤ Bi,
or equivalently
(1− pj)j + jpj(1− pj)j−1 ≤ Bi,
and similarly, for the j-group individual to mix we must have:
(1− pj)j−1 = Bj, (3)
dividing the two conditions and rearranging we get:
1− pj + jpj ≤ Bi
Bj
(j − 1)pj ≤ Bi
Bj
− 1 (4)

















j − 1 (6)





Bi is an increasing bijection from [0, 1] to [0, 1], such that if Bj = 0, Bi = 0, and
if Bj = 1, Bi = 1.
Note that the equilibria pinned down by Lemma 2 and Lemma 4 are essentially
the same, the diﬀerence being that Lemma 2 provides the range of Bi’s for which
the equilibrium is unique, and Lemma 4 provides the range of Bi’s for which that
equilibrium continues to exist although not necessarily uniquely. This is an impor-
tant ﬁnding that we will discuss further in the next section where we analyze our
continuity reﬁnement.
Lemma 4 is silent with respect to which of the two groups will be mixing and
which will not be voting. What it says is that if Bm < 1 and Bn < 1 it can be
either that the m individuals do not vote and the n individuals mix, or that the n
individuals do not vote and the m individuals mix. The next lemma shows that for
a given pair (Bi, Bj) these two “Pure-Mix” equilibria of Lemma 4 cannot co-exist.
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Lemma 5. For Bi < 1 and Bj < 1, Bi ≥ Bi and Bj ≥ Bj are mutually exclusive,
for all i, j ∈ {m,n} and i = j.
Proof. Suppose not and consider the (Bi, Bj)−space. We ﬁrst show that Bi > Bj,
or equivalently:








For the same reason we also have Bj > Bi. Then, Bi ≥ Bi and Bi > Bj imply
Bi > Bj, while Bj ≥ Bj and Bj > Bi imply Bj > Bi leading to a contradiction.
3.2 “Mix-Mix” equilibria
Lemmas 1 to 5 completely characterized the “Pure-Pure” and “Pure-Mix” equilibria
of our voting game. We are left to analyze the “Mix-Mix” equilibria. Obviously, in
any “Mix-Mix” equilibrium the voting conditions (1) for the two groups hold with
equality. That is, the best reply under mixing for the m individuals is deﬁned by:
Am = Bm (7)
and the best reply under mixing for the n individuals is deﬁned by:
An = Bn (8)
Since we have imposed the condition that all individuals within a group employ
the same strategy, it suﬃces to focus on the mixing condition of a single m and on
that of a a single n individual and analyze the intersections between these two in the





are what we are after in this Subsection.
In contrast with the “Pure-Pure” and “Pure-Mix” cases, the “Mix-Mix” case
entails solving a system of two polynomial equations of arbitrary power –expressions
10Meaning that for a given pair (Bi, Bj) we either have m individuals not voting and n mixing
or n individuals not voting and m mixing (but not both).
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(7) and (8)–, and thus there is no general algebraic solution for equilibrium strategies
(by the Abel-Ruﬃni theorem which states that there is no general algebraic solution
to polynomial equations of degree ﬁve or higher with arbitrary coeﬃcients). Instead,
in order to analyze them we will use a number of indirect results about the space
these equilibria lie on. For this it is useful to distinguish among the three cases:
Bm = Bn, Bm > Bn, and Bm < Bn. Thus, by (7) and (8), these translate into
Am = An, Am > An, and Am < An. Analyzing Am = An will greatly help the
analysis of the other two cases.
The set of points for which Am = An is depicted by the two black lines of Figure
1; the increasing and the decreasing one. These two black lines divide the (pm, pn)-
space in four regions depending on the ranking of Am and An. Keep in mind that
the two mixing conditions are deﬁned in the same space; dividing the space in these
four regions will help us analyze how the intersections of the two mixing conditions
behave.11
In Appendix A we characterize the set Am = An, through a series of lemmas.
First, we ﬁnd the four points where these two lines touch the edges of the (pm, pn)-
space (Lemma 6). Second, we characterize the decreasing line connecting the top-left
corner with the bottom-right corner (Lemma 7). Finally we characterize the increas-
ing line (Lemmas 8 and 9).12 We summarize this series of lemmas in Proposition
1.
Proposition 1. The only points (pm, pn) ∈ (0, 1)2 satisfying condition
Am = An (9)
are the points along the line pm + pn = 1 and along a continuous line that goes








Proof. See Appendix A.
The two lines that we have characterized divide the (pm, pn)-space in four regions:
two where Am > An and two where Am < An. Since we are examining “Mix-Mix”
equilibria, these two inequalities directly translate into conditions on Bm and Bn that
must be satisﬁed in “Mix-Mix” equilibria (see (7) and (8)). Thus when Bm > Bn
all equilibria lie in one of the two regions where Am > An, and when Bm < Bn all
equilibria lie in one of the two regions where Am < An.
What we prove next (see Appendix B) is that the two mixing conditions cross
at most once in each of the four regions delimited by the set of points such that
Am = An (see Figure 1). This implies that we always have at most two “Mix-Mix”
equilibria, one where p∗m + p
∗
n < 1 which we name “Mix-Mix 1”, and one where
p∗m + p
∗
n > 1 which we name “Mix-Mix 2”. Including the “Pure-Mix” equilibrium
(Lemma 4 characterizes it and Lemma 5 proves it is unique), this shows that we
have at most three equilibria. Hence, we prove the following:
11At this stage it is interesting to compare our analysis with the one of PR. In particular in
Section 6 of PR, they discuss “totally quasi-symmetric equilibria”, which are what we call “Mix-
Mix” equilibria. However they analyze two special cases, which in our notation are: i) pm = pn
and m = n and ii) pm+pn = 1. In terms of our Figure 1 it means that they analyze equilibria that
might arise along the two diagonals (in the case of the 45-degree line, they also assume m = n).
12Note that, as it will be explained in more detail later, the fact that the increasing line is in
fact increasing is not needed. What is only needed is that it crosses the decreasing line once.
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Figure 1: Set of points in the (pm, pn)-space according to whether Am  An when
m = 3 and n = 2.
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Theorem 1. If Bi > Bi for individuals of both groups i ∈ {m,n}, there exists a
unique QSNE such that p∗m = p
∗
n = 0.
If Bi > Bi and Bj ≤ Bj with i ∈ {m,n} and i = j there exists a unique QSNE
such that p∗i = 0 and p
∗




If Bi ≤ Bi for all i ∈ {m,n}, there are at most three QSNE, one ”Pure-Mix”
and two “Mix-Mix” ones.
Proof. The ﬁrst statement follows from Lemma 1. The second statement follows
from Lemmas 2 to 5. The third statement is proved in Appendix B.
Theorem 1 concludes the ﬁrst part of the paper, establishing that there are at
most three equilibria. Returning to PR, the analysis that they carry out for two
special cases makes them “[...] conjecture that the class of all totally quasi-symmetric
equilibria is much larger than those we have been able to investigate.”13 However,
we showed that this class of equilibria – which we call “Mix-Mix”– admits, at most,
two equilibria.
What we do in the next Section is propose a reﬁnement and show that this
reﬁnement always pins down a unique equilibrium. We ﬁrst deliver the intuition on
how the continuity reﬁnement works by means of a numerical example.
4 Continuous Reﬁnement and Uniqueness
In this section we consider the simplest non-trivial example: m = 3 and n = 2. We
compute and depict the three equilibria and give the intuition how the continuity
reﬁnement pins down a unique equilibrium. All qualitative features of this numerical
example hold for any m and n.




tion complies with the application we discuss in Section 5 but it also has a simple
interpretation: the individual gain of winning of an individual belonging to the big
group m, is smaller than the individual gain of an individual of group n. Moreover,
how smaller is governed by the ratio of the two group sizes. This implies that we can
write Bn = B and Bm =
m
n
B, and thus we have only one parameter B simplifying
the exposition greatly.
For any B we examine all the types of equilibria: “Pure-Pure”, “Mix-Mix”, and
“Pure-Mix”. We ﬁnd that for low B there are three diﬀerent types of equilibria,
which are depicted in the ﬁrst row of Figure 2, while for larger B we only have
the equilibrium depicted in the second row. In fact the unique equilibrium for B
suﬃciently large corresponds to the characterization in Lemmas 1 to 5.
Now, take for example B = 1/3 and consider Figure 2. There are three diﬀerent
equilibria we can have: two equilibria where both types of individuals are mixing
(“Mix-Mix 1” and “Mix-Mix 2”) and one where the n individuals vote for sure and
the m individuals mix. This last equilibrium is of the form “Pure-Mix”. However,
it involves individuals from one group voting with certainty, and thus it is in sharp
contrast with the equilibrium characterized in Lemmas 1 to 5, where individuals from
one group do not vote. Since this equilibrium will be ruled out by our continuity
13PR, page 10.
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Figure 2: First row, ﬁrst panel: “Mix-Mix 1”. First row, second panel: “Mix-Mix
2”. Second row: “High B” equilibrium.
reﬁnement, throughout the rest of the paper we refer to “Pure-Mix” as the one
characterized in Lemmas 1 to 5 (with p∗i = 0). These three equilibria correspond to
Theorem 1. On the other hand for larger (but not too large) B, say B ∈ (2/3, 1),
there is only one type of equilibrium, the one where the n individuals are mixing, and
the m individuals are abstaining for sure (note that in this case Bm < 1 < Bn). And
naturally, for B ≥ 1, no-one votes. These two last cases are the “High B” equilibrium
in Figure 2 which is composed of the “Pure-Pure” equilibrium of Lemma 1 and the
“Pure-Mix” equilibrium of Lemmas 1 to 5.
Starting from suﬃciently high B we have to be in the “High B” equilibrium. As
we keep decreasing B, at some point we need to switch to one (or more) equilibria
from the ﬁrst row of Figure 2. However the only equilibrium out of the three that
involves no jumps in the probabilities of voting, is the “Mix-Mix 1” equilibrium. We
show that this continuous equilibrium (depicted in Figure 2) exists and is unique
for all (m,n) and for all (Bi, Bj).
The “Mix-Mix 1” and “Mix-Mix 2” equilibria can also be seen in the mix-
ing condition graphs depicted in Figure 4 in the (pm, pn)-space. The red (blue)
lines represent the mixing condition for a n (m) individual for four values of B,
{0.166, 0.333, 0.5, 0.61}. In particular, we chose the third value to be the minimum
B such that the “Mix-Mix 1” equilibrium disappears (bottom-left panel), and the
fourth value to be the minimum B such that even the ”Mix-Mix 2” equilibrium
disappears. The black lines in Figure 4 are the set of (pm, pn) satisfying Am = An
as in Figure 1.
In each panel, the equilibrium on the left side of the panel is the “Mix-Mix
1” equilibrium. It converges to the “Pure-Mix” equilibrium (p∗m, p
∗
n) = (0, 0.5) as
B → 0.5. The equilibrium that lays on the right side of the panel is the “Mix-Mix
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Figure 3: Unique continuous equilibrium
Figure 4: Mixing conditions in the (pm, pn)-space respectively for B =
{0.1666, 0.3333, 0.5, 0.61}.
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2” equilibrium.
We use a standard deﬁnition of continuity (see for example page 943 of Mas-
Colell et al. 1995). This deﬁnition means that, for all i, j ∈ {m,n}, i = j, there is
a single continuous selection of the equilibrium correspondences p∗i (Bi, Bj) mapping
(Bi, Bj) to equilibrium probabilities of voting.
Which of the three equilibria together with the “High B” unique equilibrium
satisﬁes continuity? First, notice that the three equilibria need that Bm, Bn < 1.
This means that we can focus on the part of the “High B” equilibrium that is deﬁned
for Bm, Bn < 1 as well. Hence, we need to ﬁnd among the three equilibria the one
for which p∗i goes to 0 and at the same time, p
∗
j is interior.
14 For this to happen we
need that p∗m + p
∗
n < 1, which contradicts the third equilibrium in Figure 2 because
this equilibrium requires that one of the two p∗i ’s is equal to one. Out of the two
“Mix-Mix” equilibria, “Mix-Mix 2” contradicts p∗m + p
∗
n < 1.
Therefore we are left with only one candidate, namely “Mix-Mix 1”, that together
with “High B” equilibrium, might satisfy continuity. First notice that Lemma 4 gives
us for every Bj ∈ (0, 1) the lowest Bi for existence of the “Pure-Mix” equilibrium
p∗i = 0 and p
∗
j = 1 − B
1
j−1
j . This satisﬁes the system Ai ≤ Bi and Aj = Bj, which
implies that the system Ai = Bi and Aj = Bj is also satisﬁed (Ai’s are continuous
in pi’s).
Thus we proved the following:
Theorem 2. There exists a unique pair (p∗m, p
∗
n) such that continuity holds at all
(Bm, Bn) ∈ R2++, and it is composed of “Mix-Mix 1” and “High B”.
5 Application - voting over redistribution of wealth
Voting over wealth redistribution is a neat setting where our model applies: there are
more poor individuals than rich, thus redistribution of wealth yields greater harm
to a single rich individual than beneﬁt to a single poor individual, thus complying
with our setting of asymmetric individual beneﬁts.
There are m poor individuals whose wealth we normalize to 1 and n rich indi-
viduals whose wealth we normalize to 2.15 Individuals are called to vote between
two extreme redistribution policies: no redistribution (alternative N) and full re-
distribution (alternative M). Since the wealth of the poor is less than the average
wealth, a poor m individual would always prefer the higher level of redistribution
(alternative M) and, at the same time, a rich n individual would always prefer the
lower level (alternative N). As a reminder, we assume that m > n > 1.




14In terms of Figure 1 and Figure 4, equilibria must converge to the horizontal or vertical axis.
This happens in the third panel of Figure 4.
15It will be clear that these wealth level assumptions are qualitatively without loss of generality,
since diﬀerent wealth levels would just re-scale the results in the cost parameter c.
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− 1 = n
n+m





Notice that Δπm =
n
m
Δπn, as in our parametrization in Section 4.
The policy is decided by majority rule with ties being broken evenly, and for
simplicity the cost of voting is assumed to be identical for each individual - that is,






. The decision of
the individuals is whether to cast a vote for their preferred alternative and pay c, or
to not vote at all. Thus, an individual of group i may cast a vote if (1) is met: that
is, if Am ≥ c(n+m)n for a poor individual, and An ≥ c(n+m)m for a rich individual. The
individuals’ payoﬀ is equal to their ﬁnal wealth minus, possibly, the cost of voting.
From Lemma 4 we know that the “Pure-Mix” p∗m = 0 and p
∗




if and only if Bm > nBn − (n − 1)B
n
n−1
n . Therefore, if the “Pure-Mix” still exists
as c goes to 0 (equivalently, B goes to 0), then “High B” is the unique equilibrium
without any need for continuity, and the poor individuals will never vote for any




goes to 0 faster than the other terms in the inequality as B’s go to zero, and thus in
the limit it is negligible. Then suﬃciently close to 0 we are left with only Bm > nBn.
By plugging the expressions for Bm and Bn we get:
m ≥ n2. (10)
This is a necessary and suﬃcient condition for p∗m = 0 to hold in the unique
equilibrium for any c > 0. Also, it has a nice interpretation. If the society is
suﬃciently polarized (m < n2), the poor might vote and redistribution has a chance
of winning. However, in a suﬃciently non-polarized society (m ≥ n2), poors are
doomed to lose the election.
How does a change of m aﬀect (p∗m, p
∗
n)? We answer with the support of Figure 5.
We ﬁx n = 3, and set m so as to initially have a polarized society (m = 4, top-left),
and gradually decrease the polarization (m = 5, top-right, and m = 6, bottom-
left), until we hit polarization m = n2 (m = 9, bottom-right). When we hit this
polarization threshold condition (10) is satisﬁed and the “Mix-Mix 1” equilibrium
(which survives continuity) disappears, and we have only “High B” (“Pure-Mix”
and “Pure-Pure”).
Consider n = 3 and m = 4. Since the society has (slightly) more poor than rich
individuals, the average wealth is closer to the wealth of a poor individual than to
the wealth of a rich individual, thus if full redistribution wins, the individual loss of
a single rich individual is greater than the individual gain of a single poor individual.
For this reason, an n rich individual is willing to vote for greater B’s than an m
poor individual. In other words, a rich has more at stake than a poor, and thus is
willing to face a greater cost of voting. Therefore, p∗n turns positive for greater B’s
than p∗m, as we can see in Figure 5.
Consider an increase of m (n = 3 and m = 5, or 6). This has the eﬀect of
sharpening the asymmetry in willingness to face the cost of voting between rich and
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Figure 5: Eﬀects on voting probabilities of increasing m, keeping n = 3. First row
left panel m = 4, right panel m = 5. Second row, left panel m = 6 right panel
m = 9.
poor: in fact, now, p∗n turns positive for even greater B’s (the rich has even more at
stake to lose in case of full redistribution), while p∗m turns positive for even lower B’s
(the poor has even less at stake to win in case of full redistribution). This widens
the “Pure-Mix” region (see Figure 5).
If the increase in m reaches the polarization threshold when m = n2 (n = 3 and
m = 9), the poor has so little at stake that she is nowhere willing to face the cost
of voting with positive probability in equilibrium.16 A further increase in m would
still imply p∗m = 0 everywhere, and further increases the willingness to vote of the
rich (i.e., p∗n increases for any given B, and p
∗
n turns positive for greater B’s).
This could be read as a “poverty trap”: the greater is the share of poor in a
society, the less likely is redistribution of resources to be the outcome of a democratic
process (and if m ≥ n2 this probability is zero). Thus, the poor might have an
incentive to attempt non-democratic channels to exit the policy trap.
16Remember that if m ≥ n2 the equilibrium is unique without the need for continuity selection.
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6 Appendix A
We prove Proposition 1 by way of the following lemmata. See Figure 1.
Lemma 6. The only points satisfying (9) and (pm, pn) ∈ {0, 1}2 are: (0, 0), (0, 1),







. Also, p∗∗∗m = 1 iﬀ m = n
.
Proof. By continuity of Am and An in pm and pn, in order to analyze the behavior
of Am and An in (pm, pn) ∈ {0, 1}2 we can compute the following limits for Am
lim
pm→0














if m = n
if m = n+ 1
if m > n+ 1
lim
pn→0
























if m = n
if m > n
lim
pn→0















- if pm = 0, (9) holds iﬀ pn = 0 or pn = 1
- if pm = 1, (9) holds iﬀ pn = 0 or (see Appendix C) pn = 1 and m = n
- if pn = 0, (9) holds iﬀ pm = 0 or pm = 1








































If m = n, (11) boils down to
1− pm = pm(1− pm) +m (1− pm)2
whose unique solution is pm = 1.









(m− n)(m− n+ 1)
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Solving the simple polynomial in the last expression we see that p∗∗∗m is indeed
one of its two roots (the second root has to be discarded since it is greater than
1).
Lemma 7. Equation pm + pn = 1 solves Am = An ∀(pm, pn) ∈ [0, 1]2.
Proof. From (2) plug Am and An into (9), simplify for (1− pm)m(1− pn)n, and use















































































































































where in the second-to-last step we used the symmetry rule for binomial coeﬃ-
cients, and in the last step we used Vandermonde’s identity.17
Next we characterize the set of points Am = An that are depicted by an increasing
line in the (pm, pn)-space by means of two lemmas. In Lemma 8 We show that there
exists a point (p∗∗m , p
∗∗
n ) along the decreasing line which divides the neighborhoods
of the decreasing line into two parts:
1. The ﬁrst part is the one connecting (p∗∗m , p
∗∗
n ) and (1, 0), where we prove that
increasing pm (i.e., moving to the right of the line), increases Am more than
An. Since exactly along the line Am = An, this result implies that to the right
of the segment connecting (p∗∗m , p
∗∗
n ) and (1, 0) we have Am > An and to its left
we have Am < An.















for m,n, r ∈ N0.
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2. The second part is the one connecting (0, 1) and (p∗∗m , p
∗∗
n ), where we prove that
increasing pm (i.e., moving to the right of the line), increases Am less than An.
Since exactly along the line, Am = An, this result implies that to the right of
the segment connecting (0, 1) and (p∗∗m , p
∗∗
n ) we have that Am < An and to its
left Am > An.










iﬀ pm > p
∗∗
m (or equivalently pn < p
∗∗
n )





, and if m > n, then p∗∗m ∈ (0, 12) and






m(m− 1)n(n− 1) and p
∗∗
n = 1− p∗∗m




































































































































































Note that some summands in the above inequality contain s only in the binomial
coeﬃcients. By applying to these terms the same procedure at the end of Lemma 7












































































































we now analyze the summations left (containing s not only in the binomial coeﬃ-


































































































n(n− 1) + pm(1− pm)
(m− n)(m+ n− 1)
m(m− 1)n(n− 1)
−n(n− 1)(1− pm) > −m(m− 1)pm + pm(1− pm)(m− n)(m+ n− 1)
(m− n)(m+ n− 1)p2m + 2n(n− 1)pm − n(n− 1) > 0
pm >
n(n− 1)




















































Where the last equality follows from Valdemore’s identity. The calculations for the other sum-
mation are similar.
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If m = n it is trivial to see that p∗∗m =
1
2
. But notice also that p∗∗m decreases in m,
and hence by m > n, p∗∗m ∈ (0, 12) and p∗∗n ∈ (12 , 1).
The next Lemma proves that for each pi there exist at most two pj that satisfy
Ai = Aj, for i, j ∈ {m,n}, i = j.
Lemma 9. ∀(m,n) ∈ Z2 with m ≥ n ≥ 2, ∀pn ∈ (0, 1) there exist at most two
values of pm ∈ (0, 1) such that Am = An.
Proof. Taking pn as given, Am = An is a polynomial in pm.
19 In order to prove that
there are at most two roots of pm that solve Am = An we will invoke Descartes’




m, ...) change sign at most
twice. Descartes’ Rule bounds the number of roots in the x ∈ (0,+∞) interval of a
polynomial in x. Using Jacobi’s substitution21 we rewrite the polynomial in terms of
y = pm
1−pm
, so that pm ∈ (0, 1) implies y ∈ (0,+∞). Since y is a one-to-one mapping
(0, 1) → (0,+∞) bounding the number of roots of Am = An in y ∈ (0,+∞) implies
bounding the number of roots of Am = An in pm ∈ (0, 1).









































ps+1m (1− pm)−s−1psn(1− pn)−s−1


































































= y + 1
19This is of course without loss of generality, as we can take pm as given making Am = An a
polynomial in pn.
20Page 28, Corollary 1, Prasolov (2001).













































In (15) we can add the nth element to all summations which go from 0 to n− 1,











































Now we have to deal with the fact that the two summations of the left-hand side


























































































































































































In order to put together these two summations we make a variable change in the
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psn(1− pn)−s−1 = 0
We can ﬁnally put together the two summations, and clearly set s = q. At the








(s+ 1)2(n− s− 1)p
s+1





(s+ 1)2(m− s− 1)p
s+1
n (1− pn)−s−2 +
n





(m− s− 1)(s+ 1)(n− s− 1)p
s+1
n (1− pn)−s−1 −
m
(m− s− 1)(s+ 1)(n− s− 1)p
s
n(1− pn)−s−1 = 0











(s+ 1)2(m− s− 1)pn
+
n
(m− s− 1)(n− s)(n− s− 1)(1− pn)
2 +
n
(m− s− 1)(s+ 1)(n− s− 1)pn(1− pn)
− m
(m− s− 1)(s+ 1)(n− s− 1)(1− pn) = 0. (16)
We are ready to apply Descartes’s rule of signs to the polynomial (6). Let us
analyze the sign of the coeﬃcients of ys+1. The term psn(1 − pn)−s−2 is always
positive22. This means that we only care about the number of sign changes of the
term in the square bracket, as s goes from −1 to n− 1.23 Note that in this interval
the term in the square bracket is continuous in s. We need to show is has at most
two roots in the interval s ∈ (−1, n−1) in order to conclude the proof. We multiply
the term in the square brackets by (s+ 1)2(s+ 2)(m− s− 1)(n− s− 1)(n− s) and
get:
n(s+ 2)(m− s− 1)(n− s)pn(1− pn) + n(m− s− 1)(n− s− 1)(n− s)p2n
−m(s+ 2)(n− s− 1)(n− s)pn + n(s+ 1)2(s+ 2)(1− pn)2 + n(s+ 1)(s+ 2)(n− s)pn(1− pn)
−m(s+ 1)(s+ 2)(n− s)(1− pn) = 0 (17)
This is a polynomial of degree three in s, thus it has potentially three real roots
in s, however, to conclude the proof, we need to show that it has at most two roots
22Descartes’ rule ignores 0-coeﬃcients, so this is true also when pn = {0, 1}
23As s → n, the coeﬃcient of yn+1 is always positive.
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in s ∈ (−1, n − 1). Once again we use Jacobi’s substitution to look for roots in
s ∈ (−1, n− 1). There fore we set α = −1 and β = n− 1 and we have:
x =
s+ 1





Since in each term of (6) there are repeating factors, it will be convenient to ﬁrst
substitute s = x(n−1)−1
x+1

















x(n+ 1) + 1
x+ 1
n− s =nx+ 1
x+ 1





n− s− 1 =nx+ 1
x+ 1







m− s− 1 = mx+ 1
x+ 1







Then we plug these factors in each term of (6):
n(s+ 2)(m− s− 1)(n− s)pn(1− pn) = pn(1− pn)n
(x+ 1)3




(x3(n+ 1)(m− n) + x2m(n+ 1) + x2(m− n) + xm
+ x2(n+ 1)2(m− n) + xm(n+ 1)2 + x(m− n)(n+ 1) +m(n+ 1))









(x2(m− n) + x(m− n)(n+ 1) +mx+ (n+ 1)m)
−m(s+ 2)(n− s− 1)(n− s)pn = − pnnm
(x+ 1)3
(x(n+ 1) + 1)(x+ n+ 1)
=− pnnm
(x+ 1)3
(x2(n+ 1) + x(n+ 1)2 + x+ n+ 1)
n(s+ 1)2(s+ 2)(1− pn)2 = (1− pn)
2n3
(x+ 1)3
(x3(n+ 1) + x2)
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n(s+ 1)(s+ 2)(n− s)pn(1− pn) = pn(1− pn)n
(x+ 1)3




(x3n(n+ 1) + x2n(n+ 1)2 + x2n+ xn(n+ 1))
−m(s+ 1)(s+ 2)(n− s)(1− pn) = −(1− pn)m
(x+ 1)3
(x2n(n+ 1) + xn)(x+ n+ 1)
=− (1− pn)m
(x+ 1)3
(x3n(n+ 1) + x2n(n+ 1)2 + x2n+ xn(n+ 1))
All terms are divided by (x + 1)3 so we can drop it in (6). We now proceed by
ﬁrst collecting all terms that are multiplied by x3.
x3[pn(1− pn)n(n+ 1)(m− n)− (1− pn)mn(n+ 1) + n3(1− pn)2(n+ 1) + n2(n+ 1)pn(1− pn)] =
x3n(n+ 1)(1− pn)(pn(m− n)−m+ n2(1− pn) + npn) =
x3n(n+ 1)(1− pn)(pnm−m+ n2(1− pn)) =
x3n(n+ 1)(1− pn)2(n2 −m)
Next, we collect all terms that are multiplied by x2.
x2{pn(1− pn)nm(n+ 1) + pn(1− pn)n(m− n) + pn(1− pn)n(n+ 1)2(m− n) + n2p2n(m− n)− pnmn(n+ 1)
+n3(1− pn)2 + npn(1− pn)n(n+ 1)2 + n2pn(1− pn)−m(1− pn)n(n+ 1)2 −m(1− pn)n} =
x2n{m[(n+ 1)pn(1− pn) + pn(1− pn) + (n2 + 2n+ 1)pn(1− pn) + np2n − pn(n+ 1)− (n2 + 2n+ 1)(1− pn)
−(1− pn)]− npn(1− pn)− (n+ 1)2npn(1− pn)− n2p2n + (n+ 1)2npn(1− pn) + n2(1− p2n) + npn(1− pn)} =
x2n{n2(1− 2p2n) +m(4pn − 3p2n + 2n2pn + 4npn − n2p2n − 2np2n − n2 − 2n− 2)} =
x2n{n2(1− 2p2n) +m[4pn − 3p2n − 2− (2n+ n2)(1− 2pn + p2n)]} =
x2n{n2(1− 2p2n)−m(−4pn + 3p2n + 2 + (2 + n)n(1− pn)2)}
Next, we collect all terms that are multiplied by x.
x{nmpn(1− pn) +m(n+ 1)2npn(1− pn) + (m− n)(n+ 1)npn(1− pn) + n2p2n(m− n)(n+ 1)
+n2p2nm− pnmn(n+ 1)2 − pnmn+ npn(1− pn)n(n+ 1)−m(1− pn)n(n+ 1)} =
xn{m[pn − p2n + (n+ 1)2(pn − p2n) + (n+ 1)(pn − p2n) + n2p2n + np2n + np2n − pn(n+ 1)2
−pn − (1− pn)(n+ 1)]− n2p2n(n+ 1)} =
xn{m[pn − p2n − (n2 + 2n+ 1)p2n + npn + pn − np2n − p2n + n2p2n + 2np2n
−pn − (n+ 1) + pn(n+ 1)]− n2p2n(n+ 1)} =
xn{m[−3p2n − np2n + 2pn + 2npn − (n+ 1)]− n2p2n(n+ 1)} =
−xn{m[(3 + n)p2n − 2pn(1 + n) + n+ 1] + (n+ 1)n2p2n}
And ﬁnally we collect the constant term.
nmpn(1− pn)(1 + n) + n2p2n(n+ 1)m− pnmn(n+ 1) =
nmpn(n+ 1)(1− pn + npn − 1) =
nm(n+ 1)p2n(n− 1) =
nm(n2 − 1)p2n
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Adding up the four terms and setting them equal to zero we get the following
expression which is a polynomial of degree three in x, namely:
n(n+ 1)(1− pn)2(n2 −m)x3+
+n{n2(1− 2p2n)−m(−4pn + 3p2n + 2 + (2 + n)n(1− pn)2)}x2+
−n{m[(3 + n)p2n − 2pn(1 + n) + n+ 1] + (n+ 1)n2p2n}x+
+mn(n2 − 1)p2n = 0
Both the intercept24 and the coeﬃcient of x3 are positive,25 which implies that
when x → −∞, the polynomial tends to −∞. These two facts imply that at least
one root is negative, and this the above polynomial crosses the positive axis at most
twice, and thus it has at most two positive roots in x (and therefore in s).
Lemma 10 concludes the characterization of the increasing line.
Lemma 10. There exists a unique and continuous line in the (pm, pn)-space which
satisﬁes Am = An and connects (0, 0) and (p
∗∗∗
m , 1) Furthermore, this line crosses





Proof. Lemma 7 establishes that the decreasing line connects two out of the four
points satisfying Am = An along the edges. The line connecting the remaining two




The goal of this Appendix is to show that the two mixing conditions cross at most
once in each of the four regions delimited by the set of points such that Am = An
(see Figure 1). This implies that there are at most two “Mix-Mix” equilibria.
In Figure 4 we depict these mixing conditions of both types of individuals for
diﬀerent B’s, and for m = 3 and n = 2. Note that i’s mixing condition might
cross the pm + pn = 1 line either twice, once or zero times. If they cross twice,
one crossing will be above and to the left of the point (p∗∗m , p
∗∗
n ), and the other will
be below and to the right of it. If they only cross once the crossing coincides with
point (p∗∗m , p
∗∗
n ). This is what we prove in Proposition 2. Moreover, in Proposition
3 we show that the mixing conditions of the n-individual are steeper (ﬂatter) in all
points satisfying Am ≥ An (Am ≤ An). Thus the mixing conditions cross once in
each of the two regions of Figure 1 where Am > An (Am < An) for suﬃciently low
B’s. This, together with the fact that continuity imposes pm + pn < 1 yields the
result.
Proposition 2. Deﬁne Bˆi = max
pm+pn=1
Ai. The number of intersections between pm+
pn = 1 and i’s mixing condition Ai = Bi are:
1. two, if Bi < Bˆi. In particular, one with pm < p
∗∗
m and one with pm > p
∗∗
m
24If x = 0, it equals mn(n2 − 1)p2n which is positive.
25m < n2 for the mix-mix equilibrium to exist.
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2. one, if Bi = Bˆi. In particular, the one solving pm = p
∗∗
m and pn = 1− p∗∗m
3. zero, if Bi > Bˆi
∀i ∈ {m,n}.
Proof. Consider Figure 6. On the vertical axis there is Ai conditional on being
along the pm + pn = 1 line, and on the horizontal axis there is pm. We are going
to show that Ai conditional on being along pm + pn = 1 is increasing in pm if and
only if pm < p
∗∗
m . Therefore there exists a Bˆi = max
pm+pn=1
Ai such that the “Mix-Mix”
condition Ai = Bi under pm + pn = 1 has two, one or zero solutions according to
whether Bi < Bˆi, Bi = Bˆi or Bi > Bˆi.
We use the same manipulations of Am and An used in the Proof of Lemma 7,




























and notice that the left-hand sides are clearly identical by construction because
we know that along pm+pn = 1 line we have that Am = An (see Lemma 7), whereas
the right-hand sides could be unequal. We now analyze the left-hand side, which











































[−(m− 1)(1− pm)m−2pnm + n(1− pm)m−1pn−1m ]+ n [−m(1− pm)m−1pn−1m + (n− 1)(1− pm)mpn−2m ] > 0
n(n− 1)(1− pm)2 −m(m− 1)p2m > 0
and the right-hand side of the last inequality has a unique root in pm ∈ (0, 1) which
coincides with p∗∗m .
Thus, consider diﬀerent values of Bi’s which could satisfy (19) and (20): if Bi <
Bˆi then the mixing condition of i crosses the pm + pn = 1 line twice; if Bi > Bˆi it
does not cross the pm + pn = 1 line; and if Bi = Bˆi it crosses the pm + pn = 1 line
exactly once in p∗∗m .
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Figure 6: Ai conditional on pm + pn = 1 as a function of pm, and its crossings with
Bi
Deﬁnition 1. We can express the mixing conditions as a function of pm as follows:
BRm : pm → pn and BRn : pm → pn respectively.
Note that they are both continuous by continuity of the “Mix-Mix” conditions
(7) and (8) in both pm and pn. Note furthermore that we deﬁned both BR’s as
functions of pm into pn. We do this so we can compare their slopes in the following
proposition.




Proof. We write condition (7) as Am(pm, BRm(pm)) = Bm. Note that we have











































26For the sake of space we use pn instead of BRn(pm) and BRm(pm).
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It remains to be mathematically proven the fact that condition (22) is equivalent
to Am ≥ An, but is conﬁrmed by Mathematica. The code is available upon request.
8 Appendix C
This appendix will deal with the case of m = n. By the logic of QSNE it is natural
to assume that in equilibrium p∗m = p
∗
n = p
∗. Therefore we will have that Am = An.
First note that for Bi > 1, Bj > 1 Lemma 1 holds regardless ofm and n. The rest
of the cases will be analyzed using a series of lemmas. Table 1 provides a summary
of all the cases and corresponding lemmas (notice that it is symmetric).
Bi < 1 Bi = 1 Bi > 1
Bj < 1 Lemma 12
Bj = 1 Lemma 11 Lemma 9
Bj > 1 Lemma 10 Lemma 1
Table 1: Summary of Cases and Lemmas when m = n
Lemma 11. For Bi = 1 and Bj = 1, there are only two equilibria: the “Pure-Pure”
(0, 0) and (1, 1) for all i, j ∈ {m,n} and i = j.
Proof. When Bi = 1 then the only way for an individual i to vote with positive
probability is when Ai = 1 as well, meaning that individual i is pivotal for sure.Thus
he must know with certainty the number of individuals i and j that will vote. But
this can only happen if i and j individuals are using pure strategies. Let pi = 1
and pj = 0. In this case, an individual i has an incentive to deviate and not vote,
so (1, 0) or (0, 1) cannot be equilibria. However, if pi = 1 and pj = 1 then no-one
has an incentive to deviate because since Ai = Bi(= 1) an i individual would be
indiﬀerent between voting or not, making (1, 1) an equilibrium. For the same reason
(voters being indiﬀerent) we can also sustain pi = 0 and pj = 0. Since no-one is
voting, everybody is pivotal and Ai = Bi(= 1) still holds.
Lemma 12. For Bi ≤ 1 and Bj > 1, the unique equilibrium is p∗i = 0 and p∗j = 0
if the equality (Bi = 1) holds and p
∗





j = 0 when the equality does not
hold, for all i, j ∈ {m,n} and i = j.
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Proof. By Lemma 1 p∗j = 0. If the equality (Bi = 1) holds, then the only case for
i to vote with positive probability is if Ai = Bi = 1. However since no-one from j
is voting, the only way to have Ai = 1 is by not voting at all. Therefore the unique
equilibrium is p∗i = 0 and p
∗
j = 0. If the equality does not hold, the only case for i
to vote with positive probability is if Ai ≥ Bi. Then pi = 0 cannot be sustained in
equilibrium because in this case Ai = 1, and any i voter has an incentive to go and
vote. Furthermore, pi = 1 cannot support an equilibrium because any i individual
would have an incentive to deviate and not vote. Therefore the i individual must be
mixing. Plugging pj = 0 into the expression for Ai, we get: Ai = (1− pi)i−1, so the
mixing condition becomes: Bi = (1 − pi)i−1. Solving for pi we get the equilibrium




Lemma 13. For Bi < 1 and Bj = 1, p
∗
i = 1 and p
∗
j = 1 , for all i, j ∈ {m,n} and
i = j.
Proof. Since Bj = 1, an individual j votes only if Aj = 1, which cannot happen
under mixed strategies. Then p∗i = 0, p
∗
j = 0 cannot be an equilibrium because the
i voters have incentive to vote since in this case Ai = 1 > Bi due to the fact that
all i voters are pivotal. However, p∗i = 1 and p
∗
j = 0 is not an equilibrium either
because then an i individual would prefer to not vote, and by the same logic, p∗i = 0
and p∗j = 1 is not an equilibrium either. Then the only remaining “Pure-Pure” case
is: p∗i = 1 and p
∗
j = 1. This is an equilibrium because under this we have: Ai > Bi
and Aj = Bj = 1.
Lemma 14. Without loss of generality let Bi ≤ Bj < 1 for all i, j ∈ {m,n} and
i = j. Then there exists only one “Pure-Pure” QSNE p∗i = 1, p∗j = 1, and at most
two “Mix-Mix” equilibria.
Proof. For the ﬁrst part, notice that neither p∗i = 0, p
∗
j = 1 nor p
∗
i = 1, p
∗
j = 0 can
be equilibria, since members of the voting group have an incentive to not vote. For
both of the other two candidate “Pure-Pure” equilibria (p∗i = 0, p
∗
j = 0 and p
∗
i = 1,
p∗j = 1) we have Aj = Ai = 1 > Bj ≥ Bi. This means that p∗i = 0, p∗j = 0 cannot be
an equilibrium because any individual would have an incentive to deviate and vote,
and that p∗i = 1, p
∗
j = 1 is in fact an equilibrium because nobody has an incentive to
deviate. For the second part, since we need Ai = Bi and Aj = Bj, the result follows
from the analysis in Appendix B.
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